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Abstract: We investigate the possibility of gauge coupling unication in various radia-
tive neutrino mass models, which generate neutrino masses at one- and/or two-loop level.
Renormalization group running of gauge couplings is performed analytically and numer-
ically at one- and two-loop order, respectively. We study three representative classes of
radiative neutrino mass models: (I) minimal ultraviolet completions of the dimension-7
L = 2 operators which generate neutrino masses at one- and/or two-loop level without
and with dark matter candidates, (II) models with dark matter which lead to neutrino
masses at one-loop level and (III) models with particles in the adjoint representation of
SU(3). In class (I), gauge couplings unify in a few models and adding dark matter ampli-
es the chances for unication. In class (II), about a quarter of the models admits gauge
coupling unication. In class (III), none of the models leads to gauge coupling unica-
tion. Regarding the scale of unication, we nd values between 1014 GeV and 1016 GeV for
models belonging to class (I) without dark matter, whereas models in class (I) with dark
matter as well as models of class (II) prefer values in the range 5  1010   5  1014 GeV.
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1 Introduction
The Standard Model (SM) has been a great success in describing particle physics data.
However, it falls short in accommodating both massive neutrinos [1, 2] and dark matter
(DM) [3, 4], which indicate the existence of physics beyond the SM. Another, theoretical,
indication for new physics is that the gauge couplings almost unify in the SM, which
possibly points to the existence of a grand unied theory (GUT) [5]. Without introducing
new particles to the SM, neutrino masses can be encoded in the Weinberg operator [6].
Their smallness forces the scale of this operator to be close to the GUT scale, assuming no
suppression of its numerical coecient. As is well-known, the possible minimal ultraviolet
(UV) completions at tree-level are the three types of the seesaw mechanism [7{18], which
can be naturally obtained within a GUT.
The smallness of neutrino masses can also be attributed to their generation at loop
level. Such implementations are known as radiative neutrino mass models and usually
predict new particles with masses within the reach of present and near-future experiments.
The rst radiative neutrino mass models were proposed at one-loop level in ref. [19], at
two-loop level in refs. [17, 20, 21] and at three-loop level in ref. [22].1 The three-loop model
in ref. [22] is also the rst radiative neutrino mass model, which predicts a DM candidate
and thus also addresses the second shortcoming of the SM.
Given the appealing features of a GUT, it is highly interesting to study if it is, in
fact, compatible with radiative neutrino mass models. One of the essential prerequisites
for grand unication is unication of the gauge couplings, which we study in three rep-
resentative classes of models. Additional particles alter the renormalization group (RG)
running of gauge couplings and thus can play an important role in achieving unication of
the SM gauge couplings. This is, in particular, true for the new particles needed for the
generation of neutrino masses. This aspect has already been addressed in specic models.
One example is a minimal realistic non-supersymmetric SU(5) GUT with scalars in the
representations 15 and 24 [24, 25], which requires an SU(2) triplet with TeV-scale mass as
well as a light leptoquark in order to achieve gauge coupling unication as well as give rise
to neutrino masses (via the type-II seesaw mechanism). In ref. [26] an SU(5) GUT with
fermions in the adjoint representation has been studied, which leads to neutrino masses
via a combination of the type-I and type-III seesaw mechanisms and which requires an
SU(2) triplet at the TeV-scale for gauge coupling unication. In ref. [27] the authors have
discussed gauge coupling unication in the context of a left-right symmetric inverse seesaw
model [28] including a DM candidate and have shown that this model unies to a non-
supersymmetric SO(10) GUT. Furthermore, gauge coupling unication has been discussed
in a few radiative neutrino mass models. In ref. [29], a minimal trinication model with
the gauge group SU(3)SU(3)LSU(3)RZ3 [30, 31] has been proposed. In the context
of an SO(10) model, a radiative seesaw mechanism [32] (the so-called scotogenic model)
can be implemented, as shown in ref. [33]. Moreover, the possibility of gauge coupling uni-
cation has been discussed in a TeV-scale SU(3)  SU(3)L  U(1)X model [34, 35], where
1In all models discussed in the present study neutrinos are assumed to be Majorana particles. The rst
radiative neutrino mass model leading to Dirac neutrinos is found in ref. [23].
{ 2 {
J
H
E
P
0
9
(
2
0
1
6
)
1
1
1
neutrino masses are generated via loops of additional gauge bosons [36]. In addition, an
SU(5) model in which neutrino masses are generated via the Zee mechanism has recently
been proposed [37]. Beyond the RG running of gauge couplings in radiative neutrino mass
models, there have been a few studies of the RG evolution of neutrino masses and leptonic
mixing parameters: the rst study of a one-loop radiative neutrino mass model [38] ex-
plored the radiative seesaw model, while the rst study of a two-loop model [39] focused
on the Zee-Babu model.
In the present paper, we aim to perform a comprehensive study of gauge coupling uni-
cation in representative classes of radiative neutrino mass models instead of constraining
ourselves to one specic model. Thereby, we discuss RG running of the gauge couplings
in all models analytically at one- as well as numerically at two-loop order. We focus on
models that are next-to-minimal compared to the three types of the seesaw mechanism [7{
18]: UV completions of dimension-7 L = 2 operators [40]2 and one-loop UV completions
of the Weinberg operator [44, 45]. In addition, we consider models with particles in larger
representations of SU(3) [46, 47]. These classes of models have two characteristic features
that are common to the majority of radiative neutrino mass models: new colored particles
and DM candidates in dierent SU(2) representations. The particles are assigned to repre-
sentations with a dimension not larger than eight, since an increase in dimension enhances
the impact on the RG running [48, 49], causing a Landau pole (LP) in at least one of the
gauge couplings. Furthermore, we do not discuss models with new massive vector bosons
like the ones found in refs. [36, 50], since these require in general an extension of the gauge
group of the model.
The models of class (I) consist of minimal UV completions of the dimension-7 L = 2
operators introduced in ref. [40]. Some of them have been discussed in more detail in
refs. [19, 41, 51{54]. In these models, neutrino masses are generated at one- and/or two-
loop level and we consider the option of several generations of the new particles. Since
these models rely on SM particles present in the loop(s), they relate neutrino masses to
parameters of the SM, such as quark masses. We also consider the possibility of adding
a DM candidate to these models, which is chosen among the representations discussed in
refs. [55{57]. Unication can be achieved in some models both with and without additional
DM candidates. Without DM, the scale of gauge coupling unication is in the range
1014 1016 GeV, whereas the range is lowered to 5 1010 5 1014 GeV with DM. Class (II)
contains the models discussed in ref. [44]. These are one-loop UV completions of the
Weinberg operator using small SU(2) representations (up to dimension 3). They possess
a DM candidate which is stabilized by a Z2 symmetry. All such topologies have been
presented in ref. [45], with the most well-known model being the radiative seesaw model [32].
All new particles are color neutral, and furthermore, the DM candidate must be electrically
neutral. In this case, gauge coupling unication can be achieved with the scale typically
in the range 1013   1014 GeV. Class (III) comprises three models with at least one of the
new particles in the adjoint representation of SU(3) [46, 47]. Proceeding like in the case of
2These operators and similar ones up to dimension eleven have been listed in refs. [41, 42]. The con-
struction of their minimal UV completions has been studied in ref. [43].
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the models of class (I), we consider the models of class (III) without and with one type of
DM candidate. In none of them, however, gauge coupling unication occurs. Hence, unless
further modications are made, they are not suitable as low energy models of a GUT.
The paper is organized as follows: in section 2, we present the relevant RG equations
(RGEs) for the SM gauge couplings at two-loop order, the conditions for gauge coupling
unication which we impose, the approximations used in our numerical analysis and the
analytic expressions following from gauge coupling unication at one-loop order. Further-
more, we list the DM candidates that we add to the models in classes (I) and (III). In
section 3, we investigate if the gauge couplings unify in the various models analytically at
one- and numerically at two-loop order. Based on our results we also discuss prospects
for gauge coupling unication in other radiative neutrino mass models. In section 4, we
comment on corrections due to uncertainties in the gauge couplings at low energies and
simplications in our numerical analysis, the eects of the variation of the masses of the
new particles, the dierences in the RG running at one- and two-loop order, as well as the
impact of Yukawa couplings on the RG running of the gauge couplings. In addition, we
mention the RG running of the quartic scalar couplings and briey discuss the embedding
of the new particles of these models in representations of SU(5). Finally, in section 5, we
summarize. In appendix A, we list the contributions from particles in dierent represen-
tations to the one- and two-loop order coecients bk and bk`.
2 Conditions for unication
We study the RG running of the gauge couplings
k =
g2k
4
; k = 1; 2; 3 (2.1)
in extensions of the SM with additional scalars and/or fermions responsible for the gen-
eration of neutrino masses at loop level. The formulas for RG running at two-loop order
are given in ref. [49]. Assuming GUT normalization, i.e. g1 =
p
5=3 gY , the RGEs, with
corresponding -functions, for the gauge couplings are
dgk
dt
= k(g) = bk
g3k
(4)2
+
3X
`=1

bk`
g3kg
2
`
(4)4
+
g3k
(4)4
tr(Cu` Y
y
uYu + C
d
` Y
y
d Yd + C
e
`Y
y
e Ye)

;
(2.2)
where t = ln(),  being the energy scale.3 The one- and two-loop order coecients,
bk and bk`, depend on the particles in a given model. In general, these coecients can be
decomposed into two contributions, one coming from the SM, bSMk and b
SM
k` , and another one
from the additional particles in the model. Thus, the one- and two-loop order coecients
can be expressed as
bk = b
SM
k +
NX
i=1
ni b
i
k ; bk` = b
SM
k` +
NX
i=1
ni b
i
k` ; (2.3)
3The RGEs without contributions from the Yukawa couplings have been introduced in ref. [48]. In
addition, eq. (2.2) has to some extent already been discussed in ref. [58].
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where N is the number of dierent representations, i, of new particles, ni the number of
generations of particles in the representation i and bik and b
i
k` the contributions to the one-
and two-loop order coecients, respectively, due to the representation i. The last term in
the sum in eq. (2.2) contains the contributions from the Yukawa couplings Yu, Yd and Ye
with the coecients Cuk , C
d
k and C
e
k. Eects related to the Yukawa couplings of the new
particles are neglected, as pointed out in section 2.3.1. In the SM, the one- and two-loop
order coecients read [59]
(bSMk ) =
0B@
41
10
 196
 7
1CA ; (bSMk` ) =
0B@
199
50
27
10
44
5
9
10
35
6 12
11
10
9
2  26
1CA (2.4)
with k; ` = 1; 2; 3 and Cfk for f = u; d; e are given by
(Cuk ) =
0B@ 
17
10
 32
 2
1CA ; (Cdk) =
0B@ 
1
2
 32
 2
1CA ; (Cek) =
0B@ 
3
2
 12
0
1CA (2.5)
with k = 1; 2; 3. We list the coecients bik and b
i
k` for all representations i, contained in
the neutrino mass models discussed, in appendix A.
2.1 Initial conditions
The RG running of the gauge couplings 1, 2 and 3 is performed from the Z mass,
MZ = 91:1876 GeV, up to the scale of gauge coupling unication, . The values of k at
MZ are given by [60]
1(MZ) = 0:01704(1) ; 2(MZ) = 0:03399(1) and 3(MZ) = 0:1185(6) : (2.6)
The central value and error for 3(MZ) are extracted directly from experiments, whereas
those for 1(MZ) and 2(MZ) have been computed using the Weinberg angle and MZ .
4 In
the following, the central values of k(MZ) are used as initial conditions for the numerical
analysis at two-loop order.
Within the SM (and using the simplication outlined in section 2.3.2), k(NP) at the
mass scale NP of the new particles can be computed at two-loop order. Fixing NP =
1 TeV, as used throughout this analysis, and k(MZ) to the central values in eq. (2.6),
we nd
1(NP) = 0:01752 ; 2(NP) = 0:03268 and 3(NP) = 0:08972 : (2.7)
In all analytical computations, these values are taken as initial conditions.
4The errors on 1(MZ) and 2(MZ) are obtained by simply adding the (relative) errors of the Weinberg
angle and MZ in quadrature.
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2.2 Unication
We need to dene the notion of gauge coupling unication in the present study in order to
be able to classify the models. The unication scale, , is the scale at which the value ()
of the three gauge couplings coincides. Graphically, this corresponds to the point where
the three lines which describe the RG running of each of the gauge couplings intersect. Due
to numerical imprecision and several approximations made in our numerical analysis, it is
not reasonable to require that all three gauge couplings are exactly the same at one single
scale . Therefore, we allow for deviations in  as well as in the corresponding values
of k(). We consider the three values of the scale  and () given by the solutions to
k() = j(), k 6= j, as vertices of a triangle. Then, we dene  and () as the average
of the three values of  and (), respectively, at the vertices. Furthermore, we dene the
errors on log10() and () as the largest (in absolute value) of the dierences of the values
at the vertices of the triangle.5 In our analysis, we consider gauge coupling unication to
occur, if none of the two relative errors is larger than 8 %, i.e.
 log10()
log10()
 8 % and 
 1()
 1()
 8 % : (2.8)
In our analysis in section 3, we observe that the relative error on  1() is approximately
half of the error on log10(), and thus, the constraint on the former has virtually no eect.
In addition, for each model we investigate whether an LP below the Planck scale,
MPlanck, is encountered or not. As denition of the scale 
LP
k of an LP in k, we use
 1k (
LP
k ) = 1. If
LPk & 103   (2.9)
for all k, the LP does not aect gauge coupling unication, in particular not  itself, and
therefore, such a model is considered viable. However, if this condition is not fullled for
at least one k, a more careful analysis is required.
2.3 Approximations in the numerics
In order to simplify the numerical computations we make some approximations. In addition
to assuming that all new particles have the same mass, NP = 1 TeV, we neglect all
contributions from Yukawa couplings, except for the top Yukawa coupling, as well as all
threshold eects.
2.3.1 Approximation for Yukawa couplings
The two-loop contributions from the Yukawa couplings in eq. (2.2) have, in principle, to
be taken into account. However, their eect is usually small compared to other two-loop
eects, and therefore, we do only consider the top Yukawa coupling and in general do not
evolve the Yukawa couplings in the present analysis. We make a conservative estimate of
the contribution of the top Yukawa coupling, yt, by setting yt = 1 in the RGEs for the
gauge couplings. In fact, this overestimates the eect of yt, since it otherwise evolves to
smaller values when the scale increases.
5In the following, log10() has to be read as log10(=GeV).
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The eects of the Yukawa couplings of the new particles are assumed to be negligible
with respect to those of the top Yukawa coupling. Such an assumption is reasonable given
that these couplings are usually constrained by avor physics observables, if no special
patterns among the Yukawa couplings are imposed.
2.3.2 Approximation for threshold eects
The RG running of the gauge couplings only depends on the particle content. At two-
loop order, it is, however, necessary to consider model-dependent threshold eects. In the
present analysis, we assume the full SM particle content at MZ , and thus, threshold eects
from the Higgs boson and the top quark are neglected. Furthermore, we do not take into
account nite one-loop threshold eects arising from the new particles, since these can be
absorbed in the re-denition of the matching scale [48, 61].
2.4 Unication at one-loop order
The RGEs for the gauge couplings k can be analytically solved at one-loop order
1
k()
=
1
k(0)
  bk
2
ln

0
; (2.10)
where 0 is the initial value. In this study, we set 0 = NP. If we demand exact unication
and restrict the unication scale to fulll  < MPlanck, we ndX
i
niB
i
kl =
X
i
ni
 
bik   bi`

=
2
L
h
 1k;SM()   1`;SM()
i
; k; ` = 1; 2; 3 ; k 6= ` ; (2.11)
from equating the gauge couplings k() and `(). We dene
Bikl = b
i
k   bil ; L = ln


NP

(2.12)
and k;SM() are the values of the gauge couplings at  computed within the SM. In
order to determine which particle content can give rise to unication, we use eq. (2.11).
Unication requires equality of all three gauge couplings, which leads to two independent
conditions of the form in eq. (2.11). For models with two types of new particles, e.g. the
models belonging to class (I) without DM, we can solve for the number of generations n1
and n2 of the new particles in terms of L, namely
n1 =
2
L
B223 
 1
1;SM() +B
2
31 
 1
2;SM() +B
2
12 
 1
3;SM()
B123B
2
31  B223B131
; (2.13)
n2 =
2
L
B123 
 1
1;SM() +B
1
31 
 1
2;SM() +B
1
12 
 1
3;SM()
B223B
1
31  B123B231
: (2.14)
Requiring the number of generations to fulll 1  ni  6 and solving ni() for the lower
(ni = 1) and upper (ni = 6) limits, we can determine the range of allowed values of  for
both n1 and n2. The solutions correspond to one of the three dierent situations: (i) the
ranges in  for n1 and n2 overlap, (ii) the ranges do not overlap and (iii) the number of
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Scalar Fermion Scalar
(1; 3; 0)S (1; 3; 0)F (1; 2;
1
2)S
(1; 5; 0)S (1; 5; 0)F (1; 4;
1
2)S
(1; 7; 0)S
Table 1. Possible DM candidates that can be added to the radiative neutrino mass models be-
longing to classes (I) and (III). We assume the DM particle(s) to be stabilized by a Z2 symmetry.
The dimensionality of the SU(2) representation is limited by the requirement that gauge couplings
remain perturbative.
generations n1 and/or n2 is only equal or larger than 1 for  larger than MPlanck. Gauge
coupling unication can only occur in situation (i). Therefore, the models in situations (ii)
and (iii) can be discarded without further consideration. Hence, we focus the numerical
analysis on models in situation (i). In case there are more than two representations of new
particles and/or the representations depend on some further parameter, e.g. the dimension
of the SU(2) representation, the unication conditions can still be determined for two of
the unknown parameters.
2.5 Dark matter candidates
In the present study, we also consider the possibility to add DM candidates to the vari-
ous models which do not contain one already, i.e. to the models belonging to classes (I)
and (III). The choice of candidates is based on refs. [55{57]. In order to fulll the con-
straints from direct DM detection experiments, the candidates are restricted to fermions
in representations with hypercharge y = 0 as well as scalars with either y = 0 or y = 12 .
Furthermore, from the RG running of the gauge couplings we can impose an upper bound
on the dimensionality of the SU(2) representation of the DM candidate. This arises from
the requirement that the RG running of the gauge couplings in the SM with only one
generation of the DM candidate should remain perturbative, i.e. k() . 1, at two-loop
order up to 1016 GeV, the presumed scale of grand unication. The viable DM candidates
are listed in table 1. Note that we do not consider the possibility that the DM candidate
is a singlet of the SM gauge group, since this does not aect the RG running. Such a
DM candidate can, however, always be added to a model without changing our results.
In order to achieve stability of the DM candidate, we assume an unbroken Z2 symmetry
to be present under which the DM candidate is odd and the rest of the particles of the
model are even. This also implies that none of the scalars employed as DM can acquire a
non-vanishing vacuum expectation value.
In the following, a particle (r3; r2; y) is named according to its transformation pro-
perties under the SM gauge group SU(3)  SU(2)  U(1), i.e. it transforms in the repre-
sentation r3 under SU(3), in r2 under SU(2) and has hypercharge y. Furthermore, each
particle carries an index S or F indicating whether it is a scalar or a fermion.
We do not perform a detailed study of DM phenomenology, since the discussion of
gauge coupling unication is to a large extent independent of it. The DM annihilation
cross section in general depends crucially on other couplings, which either do not enter
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the RGEs of the gauge couplings at two-loop order, like quartic scalar couplings, or whose
contributions are negligible compared to the ones coming from the gauge couplings, like
Yukawa couplings, as argued in section 2.3.1. Furthermore, the constraints on direct DM
detection arising from interactions with gauge bosons are taken into account by an appro-
priate choice of the hypercharge of the DM candidate, see above. If the DM mass is larger
than 1 TeV, the cross section, relevant for indirect DM detection, strongly depends on the
DM mass due to non-perturbative Sommerfeld enhancement [62], whereas RG running of
the gauge couplings only logarithmically depends on the particles' masses, see eq. (2.10).
Since we consider in most of the analysis particles with masses of 1 TeV or less, we refrain
from performing a detailed study of this aspect of DM phenomenology.
3 Classes of radiative neutrino mass models
In this section, we study the RG running of gauge couplings in models, where neutrino
masses are generated radiatively. We focus on classes of models that are next-to-minimal
compared to the three types of the seesaw mechanism [7{18] and that show two character-
istic features of radiative neutrino mass models: new colored particles and DM candidates
in dierent SU(2) representations. We present our results for models belonging to the
classes (I) to (III) introduced in section 1. First, in section 3.1, we analyze minimal UV
completions of the dimension-7 L = 2 operators with the possibility of several genera-
tions of the new particles. Then, in section 3.2, we consider the same type of models with
only one generation of the new particles, but with a DM candidate (possibly in more than
one generation). In section 3.3, we continue with class (II), which consists of one-loop UV
completions of the Weinberg operator containing a DM candidate. In section 3.4, we focus
on the models of class (III) which contain fermions and/or scalars in the adjoint repre-
sentation of SU(3). Based on our results for models belonging to classes (I) to (III) we
comment on the prospects for gauge coupling unication in other radiative neutrino mass
models in section 3.5.
For each class, we perform both an analytic study at one-loop order and a numerical
one at two-loop order. In the latter case, we compare our results to the ones from an
approximate analytical two-loop study. The requirements for unication in the numerical
and analytical studies are discussed in sections 2.2 and 2.4, respectively. These are used
throughout unless otherwise stated. Based on the results at one-loop order, we can deter-
mine whether a numerical two-loop analysis is necessary or not. For the numerical study,
we use the software PyR@TE [63] which computes the RGEs at two-loop order for a general
gauge theory, specied by its gauge group, particle content and scalar potential. In the
present analysis, we are only interested in the RG running of the gauge couplings. Hence,
we only specify the gauge group (the one of the SM) and the particle content as input.
3.1 Minimal UV completions of dimension-7 L = 2 operators
In ref. [40], 15 minimal UV completions of dimension-7 L = 2 operators with two new
particles are found and possible ways to test them at the LHC are discussed. All models
generate neutrino masses at one- and/or two-loop level. The phenomenology of some of
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Model S1-1 S1-2 S1-3 S2-1 S2-2 S2-3 S2-4
Particles
(1; 2; 12)S (3; 2;
1
6)S (3; 2;
1
6)S (1; 2; 32)F (3; 2; 56)F (3; 1; 23)F (3; 1; 23)F
(1; 1; 1)S (3; 1; 13)S (3; 3; 13)S (1; 1; 1)S (1; 1; 1)S (1; 1; 1)S (3; 2; 16)S
S2-5 S2-6 S2-7 S2-8 S2-9 S2-10 S2-11 S3
(3; 2; 56)F (3; 2; 56)F (3; 3; 23)F (3; 2; 76)F (3; 1; 13)F (3; 2; 76)F (1; 2; 12)F (1; 3; 1)F
(3; 1; 13)S (3; 3; 13)S (3; 2; 16)S (1; 1; 1)S (1; 1; 1)S (3; 2; 16)S (3; 2; 16)S (1; 4; 32)S
Table 2. Minimal UV completions of the dimension-7 L = 2 operators in tables 1-3 in ref. [40].
In all models, two new particles are added in order to generate neutrino masses at one- and/or
two-loop level.
them has been studied in detail, see refs. [19, 41, 51{54] for recent analyses. The new
particles are either two scalars or one scalar and one Dirac fermion, which give rise to
three possible types of diagrams, see gures 1{3 in ref. [40]. The particle contents for the
15 models are presented in table 2 and labeled Si-j according to the diagram of type i.
New colored particles are one characteristic feature of these models and several of them are
scalar leptoquarks, such as (3; 2; 16)S . These particles have a rich phenomenology [64, 65]
and they have been recently used in order to explain neutrino masses together with several
anomalies observed in the avor sector, see e. g. refs. [50, 66].
3.1.1 Analytic results at one-loop order
These models require two new particles, and thus, we can solve the conditions for unication
given in eq. (2.11) at one-loop order analytically. In model S1-2, following eqs. (2.13)
and (2.14), we nd the number of particles required to achieve gauge coupling unication
to be
n1 =

L
h
 5 11;SM() + 3 12;SM() + 2 13;SM()
i
; (3.1)
n2 =

L
h
 5 11;SM()  9 12;SM() + 14 13;SM()
i
: (3.2)
Doing a similar computation for the other models Si-j, we nd a nite overlap in , i.e. situ-
ation (i), for models S1-2, S2-4, S2-6 and S2-11. Instead, for models S1-1, S1-3, S2-1, S2-7,
S2-8, S2-10 and S3, we are in situation (ii), whereas models S2-2, S2-3, S2-5 and S2-9 lead
to situation (iii). Hence, we only need to consider the four models in situation (i) further.
The overlap of the intervals in  is the largest for model S1-2, whereas it is relatively small
for the other three models S2-4, S2-6 and S2-11. In fact, in the numerical analysis we nd
two versions of model S1-2, where there is unication of gauge couplings, see table 3.
The one-loop analysis suggests the following ranges for the number of new particles:
for model S1-2 there can be 3:4   5:5 generations of particle (3; 2; 16)S and up to six of
(3; 1; 13)S , for model S2-4 we expect only one generation of particle (3; 1; 23)F and six of
(3; 2; 16)S , for model S2-6 we nd 4:1 6 generations of (3; 2; 56)F and only one generation
of (3; 3; 13)S , and nally, for model S2-11 we have to require only one generation of each
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Model P1 P2  (GeV)  1()  log10()log10() (%)
 1
 1 (%)
S1-2 3 (3; 2; 16)S (3; 1; 13)S 2:4  1015 37.5 1.0 0.52
S1-2 4 (3; 2; 16)S 4 (3; 1; 13)S 1:8  1016 35.1 1.6 0.80
S2-4 (3; 1; 23)F 5 (3; 2;
1
6)S 4:3  1015 32.3 1.8 0.87
S2-11 (1; 2; 12)F (3; 2; 16)S 1:2  1014 38.4 1.2 0.61
Table 3. Models in table 2 where unication of gauge couplings is achieved with one to six
generations of the two new particles. The number of generations needed is indicated in front of the
particle in representation (r3; r2; y)S=F . In addition, we give the scale of unication , the value
of the gauge coupling  1() at this scale and the relative errors, quantifying the deviation from
exact unication and fullling the constraints imposed in eq. (2.8).
of the new particles. Since two-loop eects might be signicant, these numbers only give
an indication of the actual number of generations. However, we nd good agreement with
the numerical results at two-loop order, displayed in table 3, except for the fact that model
S2-6 does not lead to gauge coupling unication at two-loop order.
3.1.2 Numerical results at two-loop order
We present our results of the numerical two-loop analysis in table 3. We nd four models
that lead to unication of gauge couplings within the precision required: two versions of
model S1-2, one version of model S2-4 as well as one version of model S2-11. Only for
model S2-11, a single generation of each particle is sucient for unication. In this model,
the unication scale is   1:2  1014 GeV and thus lower than in the other three models.
In gure 1 (left panel), we show the RG running of the gauge couplings for model S1-2,
with four generations of (3; 2; 16)S and (3; 1; 13)S , leading to gauge coupling unication at
1:8 1016 GeV. This model has the highest scale of unication of the four models in table 3.
The two-loop results are in agreement with the one-loop analysis in section 3.1.1, except
for model S2-6. In this model, the particle content strongly aects the evolution of 1 and
2, and therefore, two-loop eects become relevant and gauge coupling unication cannot
be obtained.
Finally, we also comment on the other models, which do not allow for gauge coupling
unication. Models S2-8 and S2-10 both reveal an LP at about 1017 GeV, whereas model S3
has an LP slightly below 1019 GeV. In models S2-3 and S2-9, unication cannot be achieved,
since the RG running of the SU(2) gauge coupling cannot be aected with this particle
content. Similarly, in model S1-1, a suciently large eect on the RG running of 2 can
only be produced with more than six generations of the particle (1; 2; 12)S . Furthermore,
models S2-1, S2-2, S2-5, S2-8 and S2-10 have particle contents which give rather large
contributions to the RG running of 1, and similarly, the particle contents of models S1-3,
S2-7 and S3 have a too large eect on the RG running of 2, preventing successful gauge
coupling unication.
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3.2 Minimal UV completions of dimension-7 L = 2 operators with dark
matter
None of the new particles in the models Si-j can function as a (stable) DM candidate,
compare tables 1 and 2. However, the DM problem can be addressed by the addition
of one (or more) particles shown in table 1 to any of the models Si-j, assuming that the
DM candidate(s) is (are) odd under an additional Z2 symmetry. The DM candidate(s)
transform(s) non-trivially under the SM gauge group, and therefore, (it has) they have an
impact on the RG running of the gauge couplings. For concreteness, we assume in the
following models with one generation of each of the new particles, which participate in
neutrino mass generation, and a single type of DM that can appear in several generations
nd, 1  nd  6.
3.2.1 Analytic results at one-loop order
We can distinguish two types of DM candidates with either y = 0 or y = 12 . In the
rst case, where y = 0, the DM candidate only aects the RG running of 2, and there-
fore, the potential scale  of gauge coupling unication is determined directly from the
equality 1() = 3(). In general, the contribution from nd (real) scalars in the SU(2)
representation of dimension d to the one-loop order coecient b2 is given by
bd2 =
1
72
d (d2   1)nd ; (3.3)
where we have used the Dynkin index T (r), dened in eq. (A.9) in appendix A. The
contribution from a fermionic DM candidate in the same SU(2) representation as a real
scalar is simply four times larger, compare eq. (A.4) in appendix A. In the second case,
where y = 12 , the DM candidate aects the RG running of both 1 and 2. Hence, for nd
generations of a (complex) scalar, transforming as d under SU(2), the contributions to the
one-loop order coecients b1 and b2 read
bd1 =
1
20
dnd ; b
d
2 =
1
36
d (d2   1)nd : (3.4)
Assuming again exact unication, we need to solve two equations, e.g. 1() = 3()
and 2() = 3(), for two unknowns, e.g.  and nd, which in turn depend on the third
unknown d.
We can divide all models Si-j with DM into two categories depending on whether
gauge coupling unication is possible or not. The models belonging to the latter category
are models S1-3, S2-6, S2-7, S2-11 and S3, since in each case nd < 1 (in several cases
even negative) is required for exact unication. In particular, it is not possible to add
further particles to model S2-11 without destroying the (already occurring) unication of
gauge couplings.6
6As mentioned, we neither consider DM being a singlet of the SM gauge group nor do we consider
additional particles to form complete representations of a larger gauge group like SU(5). In both cases,
however, gauge coupling unication can be maintained in model S2-11 and, at the same time, DM is
incorporated in this model.
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The other models belong to the rst category, where gauge coupling unication is
possible in one or several cases. One example is model S1-2. Adding nd (real) SU(2) multi-
plets (1; d; 0)S , without specifying d a priori, as DM candidates can lead to gauge coupling
unication. Equating 1() and 3(), which are not aected by the DM candidates, the
scale  is xed,   5:2  1014 GeV, as well as the value of the gauge coupling at this scale,
 1()  39:0. Then, the condition for unication of 2 with 1 (and thus also with 3)
at  can be recast in a condition on the contribution bd2 to the one-loop order coecient
b2, namely
bd2 =
2
L
h
 1
2;S1-2()   11;S1-2()
i
=
2
L
h
 12;SM()   11;SM()
i
  2
5
 0:699 ; (3.5)
where k;S1-2() denotes the value of the gauge coupling k in an extension of the SM
with the particles of model S1-2, as given in table 2. Equating eqs. (3.3) and (3.5), we nd
for d = 3 that nd  2:1 generations are necessary in order to achieve exact unication at
one-loop order in model S1-2. Comparing this result to the numerical two-loop analysis
we nd good agreement regarding the scale , the value of  1() as well as the number
nd of generations. This is also true for the other models Si-j and DM candidates with
y = 12 , i.e. the analytical results in general coincide with the outcome of the numerical
study, summarized in table 4.
3.2.2 Numerical results at two-loop order
We proceed to the numerical study, whose results are given in table 4. As expected from the
analytical results at one-loop order, adding DM to the models Si-j permits gauge coupling
unication in several cases and in some occasions there is even more than one possibility
for the DM type and number of generations.
In general, we note that the types of DM, which are preferred, are those only modifying
the RG running of 2. In addition, the dimension d of the DM has to be smaller than seven
and can only be d = 5, if the DM is a scalar. Otherwise, the eect on the RG running of 2
would be too large, since this increases with the dimension d of the representation, compare
eqs. (3.3) and (3.4). Models where the added DM candidate has non-zero hypercharge
have a lower scale of gauge coupling unication compared to models with DM with y = 0,
because any eect on the RG running of 1 forces  to take smaller values. Given that
the contribution to the RG running of k coming from a scalar is approximately four
times smaller than the one from a fermion,7 it is clear that scalar DM is preferred. Thus,
the most favorable types of DM are (1; 3; 0)S=F and (1; 5; 0)S . The other types of DM
allowed are (1; 4; 12)S and (1; 2;
1
2)S , where the latter can be regarded as an additional
Higgs doublet with vanishing vacuum expectation value. Since DM particles must be
color neutral, they can only contribute to the RG running of 1 and 2, which leads to
5  1010 GeV<  < 5  1014 GeV, i.e. values of the gauge coupling unication scale  that
are about two orders of magnitude below , obtained in models without DM, but with
7At one-loop order, this holds exactly, see eq. (A.4) in appendix A, whereas this is no longer true at
two-loop order. However, since two-loop eects are small, it is usually still true that one fermion has a very
similar impact on gauge coupling running as four scalars.
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Model P1 P2 DM  (GeV)  1()  log10()log10() (%)
 1
 1 (%)
S1-1 (1; 2; 12)S (1; 1; 1)S 2 (1; 3; 0)S 7:7  1013 39.6 1.2 0.61
S1-1 (1; 2; 12)S (1; 1; 1)S 6 (1; 2;
1
2)S 2:1  1013 37.8 0.87 0.45
S1-2 (3; 2; 16)S (3; 1; 13)S 2 (1; 3; 0)S 4:0  1014 38.8 3.1 1.6
S1-2 (3; 2; 16)S (3; 1; 13)S 4 (1; 2; 12)S 1:7  1014 38.2 2.4 1.3
S2-1 (1; 2; 32)F (1; 1; 1)S (1; 5; 0)S 6:8  1010 31.4 1.0 0.53
S2-1 (1; 2; 32)F (1; 1; 1)S (1; 4; 12)S 5:9  1010 31.7 4.6 2.4
S2-2 (3; 2; 56)F (1; 1; 1)S 3 (1; 3; 0)S 2:2  1012 30.5 0.67 0.33
S2-2 (3; 2; 56)F (1; 1; 1)S 6 (1; 2; 12)S 9:6  1011 30.2 5.7 2.8
S2-3 (3; 1; 23)F (1; 1; 1)S (1; 5; 0)S 3:9  1013 35.4 6.1 3.1
S2-3 (3; 1; 23)F (1; 1; 1)S (1; 4;
1
2)S 2:8  1013 35.7 1.6 0.80
S2-4 (3; 1; 23)F (3; 2;
1
6)S (1; 3; 0)F 1:3  1014 35.6 1.3 0.65
S2-5 (3; 2; 56)F (3; 1; 13)S 3 (1; 3; 0)S 3:7  1012 30.4 0.46 0.22
S2-8 (3; 2; 76)F (1; 1; 1)S (1; 5; 0)S 5:8  1010 28.3 7.8 4.8
S2-9 (3; 1; 13)F (1; 1; 1)S (1; 3; 0)F 2:6  1014 37.9 0.54 0.28
S2-10 (3; 2; 76)F (3; 2;
1
6)S (1; 5; 0)S 8:7  1010 27.1 0.94 0.65
Table 4. Models in table 2 with additional DM that permit gauge coupling unication. We assume
throughout one generation of new particles, responsible for neutrino masses, and one type of DM
with up to six generations. The type of DM is chosen from table 1. We present the scale of
unication , the value of the gauge coupling  1() at this scale and their relative errors.
several generations of (possibly) colored particles. For models S2-8 and S2-10 with an LP,
the scale of unication given in table 4 is at least three orders of magnitude smaller than
the scale of the LP and thus the constraint in eq. (2.9) is fullled.
In gure 1 (middle panel), we show the RG running of the gauge couplings for model
S2-9 with DM in the representation (1; 3; 0)F . In this case, a rather large unication scale
is achieved, namely   2:6  1014 GeV, which is, as already mentioned, (still) nearly two
orders of magnitude smaller than the highest scale of unication obtained for model S1-2
without DM, presented in table 3 and as well in gure 1 (left panel).
3.3 Models with dark matter
In ref. [44], radiative neutrino mass models with a DM candidate, which lead to neutrino
masses at one-loop level, are discussed. These models show a rich phenomenology which has
been studied in numerous publications, see e.g. refs. [67{75]. We follow the convention in
ref. [44], where the models are classied according to the four possible types of topologies of
one-loop diagrams, denoted T1-1, T1-2, T1-3 and T3. The topologies T1-i are box diagrams
that in general require four new particles, whereas the topology T3 is a triangle diagram
that requires at most three new particles. The new particles are either scalars, Dirac or
Majorana fermions. Furthermore, a Z2 symmetry, which stabilizes the DM candidate(s),
is assumed. Note that the Z2 symmetry is unbroken, and therefore, the new scalars have
vanishing vacuum expectation values. In this type of models, all new particles are color
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neutral, which is necessary for a viable DM candidate. Moreover, it is assumed that all
new particles transform as singlets, doublets or triplets under SU(2). Each such possible
choice leads to a model of certain topology T1-i or T3 that is enumerated by the type of
topology followed by a capital Latin letter A, B, . . . using the convention of ref. [44]. The
hypercharge of the new particles depends on a free parameter, denoted m in the following
and adjusted in such a way that at least one component of the multiplets of the new
particles is electrically neutral.8 Therefore, usually several choices of m are viable for each
model Ti-j-X. In addition, the value of m indicates whether some of the new particles are
in real representations or not. Finally, the number of models is reduced by the requirement
that constraints from direct DM detection experiments are fullled.
In total, we consider 35 (distinguishable) models with one generation for all new par-
ticles, which we investigate analytically and numerically. If some of the new particles are
in real representations of the SM gauge group and we study models with topologies T1-1,
T1-3 and T3, a further version of the models can be taken into account, in which two
particles in the loop are identied with each other. An example is the radiative seesaw
model [32], that corresponds to model T3-B with m =  1, where the two SU(2) doublet
scalars   (1; 2; 12)S and 0  (1; 2; 12)S are identied, i.e. 0 = i2?. However, in order
to obtain two non-zero neutrino masses in such a model, two generations of the new particle
coupling to the lepton doublets are required,9 e.g. in the case of the radiative seesaw model
at least two fermions being singlets of the SM gauge group are necessary.
3.3.1 Analytic results at one-loop order
The free parameter m only aects hypercharge, and thus, only the RG running of 1. In
particular, the scale 23, where 2 and 3 coincide, is independent of m. This simplies the
discussion and allows us to include possible deviations from exact unication, similarly to
the numerical analysis, by imposing the constraints in eq. (2.8) in the analytical analysis.
As explained in section 2.2, the scales ij , i < j, and the corresponding values of the gauge
coupling i(ij) can be viewed as the vertices of a triangle. Since the constraint on the
relative error on the scale is generally stronger than the one on the error on the value of
the gauge couplings, we focus on the rst inequality in eq. (2.8), when deriving the range
of values for m, which allows for gauge coupling unication at one-loop order in the models
Ti-j-X. From the fact that 1(MZ) < 2(MZ) < 3(MZ) and the knowledge that 1()
increases with increasing , whereas 3() decreases, we nd that either 12 < 13 < 23
or 23 < 13 < 12. Hence, in both cases, the largest relative error on the scale arises
from the dierence in the logarithms of 12 and 23. Thus, we have
 log10()
log10()

 log10 (12)log10 (23)   1
 ; (3.6)
where the actual unication scale  is given by 23 to good approximation.
8Note that we use a dierent convention for the hypercharge than the authors of ref. [44] and thus
values of the hypercharge given in the following have to be scaled by a factor of two in order to match the
convention employed in ref. [44].
9In table 5 this particle corresponds to the one denoted P3 for the three relevant topologies T1-1, T1-3
and T3.
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As an example, we consider model T1-2-B assuming that all the new particles are in
complex representations (i.e. m = 0 is not viable). The gauge couplings of SU(2) and
SU(3) unify at 23  9:0  1012 GeV and  12 (23)  36:7. Furthermore, we obtain
 log10()
log10()

0:90  0:90m  0:77m27:4 + 1:2m+m2
 : (3.7)
Requiring exact unication, there are two solutions for m which are m   1:8 and m 
0:64. Allowing for deviations from exact unication, the expression in eq. (3.7) should be
smaller than or equal to 8 %, which is fullled for  2:2 . m .  1:4 and 0:25 . m . 0:99.
Together with the constraints on the choice of m, see ref. [44], we expect gauge coupling
unication for m =  2 (with a relative error of 4:1 %). Furthermore, model T1-2-B for
m = 2 cannot lead to gauge coupling unication. This expectation is indeed conrmed
by the numerical analysis, carried out at two-loop order, see table 5. Notice that also the
values of the scale of unication and of the gauge coupling at this scale are in reasonable
agreement between analytical and numerical study.
As mentioned, depending on the model Ti-j-X and the choice of the parameter m some
of the particles are in real representations. These cases have to be treated separately, since
the contribution of such particles to the RG running of the gauge couplings is smaller by a
factor of two compared to those in complex representations. Taking this into account, we
nd for model T1-2-B (with a gauge singlet fermion and an SU(2) triplet scalar being real)
that m has to lie in the interval  2:2 . m . 0:68 in order to achieve a relative error on the
unication scale less than 8 %. In particular, the choice m = 0 is expected to lead to gauge
coupling unication at   4:1  1013 GeV with  1()  38:4. Also these expectations
agree well with the results of the numerical analysis, compare table 5.
Similarly, we study all other topologies and models, given in ref. [44]. It turns out that
there is no further model in which the representations of all new particles are complex and
that permits gauge coupling unication. In the cases where some of the representations of
the new particles are real, we nd several models with gauge coupling unication, namely
models T1-1-D with m = 1, T1-1-G with m = 0, T1-2-A with m = 0, T1-3-A with m = 0
and T3-A with m = 0 and m =  2. Finally, we nd no gauge coupling unication at
one-loop order in cases with two of the new particles being identied and two generations
of the new particle that couples to the lepton doublets. All in all, we nd good agreement
between these results and those of the numerical analysis.
3.3.2 Numerical results at two-loop order
We proceed to the numerical analysis of the models. The models with gauge coupling
unication are summarized in table 5, where we list the particle content of each model, ,
 1() and the relative errors on these two quantities.
Out of the 35 models, we nd ten where gauge couplings unify at two-loop order with 
typically between 1013 GeV and 1014 GeV. Thus,  is usually below the scale of unication
obtained in the models discussed in section 3.1. This is mainly due to the fact that none
of the new particles in the models Ti-j-X carries color charge in contrast to most particles
in models Si-j. In gure 1 (right panel), we display the RG running of the gauge couplings
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Model m P1 P2 P3 P4  (GeV)  1()  log10()log10()
 1
 1
(%) (%)
T1-1-D
1 (1; 2; 12)S (1; 1; 0)S (1; 2;
1
2)F (1; 3; 1)S 1:3  1013 38.4 7.7 3.9
 1 (1; 2; 12)S (1; 1; 1)S (1; 2; 12)F (1; 3; 0)S 3:1  1013 38.2 3.2 1.7
T1-2-A 0 (1; 1; 0)F (1; 2;
1
2)S (1; 1; 0)S (1; 2;
1
2)F 5:3  1013 39.4 4.1 2.9
T1-2-B
0 (1; 1; 0)F (1; 2;
1
2)S (1; 3; 0)S (1; 2;
1
2)F 4:6  1013 38.4 5.6 2.9
 2 (1; 1; 1)F (1; 2; 12)S (1; 3; 1)S (1; 2; 12)F 3:2  1012 35.9 0.54 0.28
T1-3-A 0 (1; 1; 0)F (1; 2;
1
2)F (1; 1; 0)S (1; 2; 12)F 2:8  1013 37.7 6.5 3.3
T3-A
0 (1; 1; 0)S (1; 3; 1)S (1; 2;
1
2)F { 1:6  1013 37.3 4.4 2.3
 2 (1; 1; 1)S (1; 3; 0)S (1; 2; 12)F { 4:0  1013 38.7 0.21 0.11
T1-3-A 0 (1; 1; 0)F (1; 2;
1
2)F 2 (1; 1; 0)S { 6:9  1013 39.8 7.4 4.0
T1-3-B 0 (1; 1; 0)F (1; 2;
1
2)F 2 (1; 3; 0)S { 5:7  1013 38.9 2.5 1.3
Table 5. Models in ref. [44] that allow for gauge coupling unication. In the last two rows, two
particles are identied with each other (those transforming as SU(2) doublets) and two generations
of particle P3 are needed. As in the tables in sections 3.1 and 3.2, the quantities  and  1() are
the unication scale and the value of the gauge coupling at this scale, respectively, and in the last
two columns the relative errors on these two quantities are given.
in model T3-A for m =  2 as an example. This model has been chosen, since the relative
errors are the smallest among all models, see table 5. Note that in three of the ten models
only SM gauge singlets and fermions and scalars in the SU(2) doublet representation are
added, and thus, eectively, these models are like multi-Higgs doublet extensions of the
SM regarding gauge coupling running. In particular, models T1-3-A with m = 0 and two
particles identied, T1-2-A with m = 0 and T1-3-A with m = 0 are (almost) equivalent
to extensions of the SM with four, ve and eight additional Higgs doublets, respectively.
Note also that in some of the models in which gauge coupling unication does not occur,
1 becomes non-perturbative at a scale below MPlanck.
As mentioned, we nd in general good agreement between the results of the analytical
and the numerical analysis. In the case of model T1-1-G with m = 0, we observe that
the relative error on the unication scale is approximately 8 % in the one-loop analysis
and small contributions at two-loop order eventually exclude this model. Similarly, models
with a relative error on the unication scale of approximately 10 % in the one-loop analysis
are found to lead to gauge coupling unication, if studied numerically at two-loop order.
This is, in particular, true for models T1-3-A with m = 0 and T1-3-B with m = 0, both
with two particles identied.
3.4 Models with particles in the adjoint representation of SU(3)
There are a few models that generate neutrino masses at loop level where some of the new
particles, scalars and/or fermions, transform as the adjoint representation of SU(3). We
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Model Scalar Fermion
U1 (3; 1; 13)S (8; 1; 0)F
U2 (8; 2; 12)S (8; 1; 0)F
U3 (8; 2; 12)S (8; 3; 0)F
Table 6. Models with particles in the adjoint representation of SU(3), where neutrino masses are
generated radiatively. In model U1, neutrino masses arise at two-loop level, see ref. [46], while they
are generated at one-loop level in models U2 and U3, see ref. [47]. In model U1, two generations
of the scalar particle are necessary for achieving two non-zero neutrino masses, while in models U2
and U3, either two scalars or two fermions or both can be present.
consider three of these models, presented in table 6. In model U1, discussed in ref. [46] (see
also for a detailed study of the phenomenology), neutrino masses arise at two-loop level
and two non-zero neutrino masses are obtained, if two generations of the scalar are taken
into account. Similarly, models U2 and U3, found in ref. [47], lead to neutrino masses at
one-loop level and either two generations of the scalar or of the fermion are necessary for
two non-vanishing neutrino masses. The phenomenology of model U2 has been studied in
refs. [76{78]. As expected, the particles in the adjoint representation of SU(3) give rise to
large contributions to the RG running of the gauge couplings. In some cases, these are
so large that one of the gauge couplings becomes non-perturbative. Indeed, only model
U1 is free of LPs below MPlanck. However, gauge coupling unication cannot be obtained
in this case either. The conclusion is unchanged, if the two new particles are chosen to
transform as the adjoint representation of SU(2) ((3; 3; 13)S and (8; 3; 0)F ) instead of being
singlets of SU(2). Rather, the situation is worsened, since in this model, 2 assumes non-
perturbative values at scales above 109 GeV and SU(3) is not asymptotically free anymore.
Alternatively, we can add a DM candidate to model U1. However, this does not improve
the RG running of the gauge couplings suciently in order to achieve their unication,
independent of the type of DM considered and the number of generations of DM added.
In summary, we have not found a model with new particles in the adjoint representation
of SU(3), which generates neutrino masses radiatively and, at the same time, allows gauge
couplings to unify.
3.5 Comments on other models
In this section, we comment on the prospects for gauge coupling unication in radiative
neutrino mass models that are not comprised in classes (I) to (III). Among them are the
minimal UV completions of the higher-dimensional L = 2 operators. For example, in the
case of dimension-9 L = 2 operators with four fermions these completions mostly employ
particles also needed in the case of dimension-7 L = 2 operators [43], constituting class (I)
, e.g. scalars transforming as (1; 1; 1) under the SM gauge group. Thus, we might expect
that gauge coupling unication can also be achieved in some of the models that lead to
dimension-9 L = 2 operators with four fermions. As discussed in ref. [43], the minimal
UV completions of dimension-9 L = 2 operators with six fermions require in general new
particles in dierent representations, e.g. color sextets. In models with several particles
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Figure 1. The RG running of the inverse of the gauge couplings  1i () as function of the energy
scale  for model S1-2 with particle content 4 (3; 2; 16 )S and 4 (3; 1;  13 )S (left panel), model S2-9
with DM (1; 3; 0)F (middle panel) and model T3-A, m =  2 (right panel). The gauge couplings
1, 2 and 3 for U(1), SU(2) and SU(3) are shown in blue, green and red, respectively. Note that
the kink at NP = 1 TeV is due to the new particles.
in such a representation, gauge couplings are likely to become non-perturbative before
unifying, since the impact of the six-dimensional representation of SU(3), (1; 2) = (2; 0),
is considerable on the RG running. In order to quantify this better, we compare its eect
to the one of a particle in the adjoint representation of SU(3), (1; 2) = (1; 1): the Dynkin
index T (r) of the six-dimensional representation is slightly smaller than in the case of
the adjoint one (see eq. (A.12) in appendix A for the denition of T (r) in terms of the
Dynkin labels 1 and 2), while the eigenvalue C2(r) of the quadratic Casimir operator is,
indeed, slightly larger for the six-dimensionl representation than for the adjoint one (see
eq. (A.11) in appendix A for the denition of C2(r) in terms of the Dynkin labels 1 and
2). The Dynkin index T (r) as well as C2(r) both determine the impact of a particle in
a certain representation r on the RG running of the gauge couplings, see e.g. eqs. (A.3)
and (A.14) in appendix A. In addition, the six-dimensional representation of SU(3) is
necessarily complex, whereas the adjoint one is real. Thus, we expect particles in the six-
dimensional representation of SU(3) to have a similar or even larger impact on the RG
running of the gauge couplings than the particles transforming as the adjoint one. Models
with particles in the adjoint representation belong to class (III) that we have studied. As
shown in section 3.4, gauge coupling unication does not occur in these models and in two
of them at least one of the gauge couplings becomes non-perturbative below the presumable
scale of unication.
A further type of models not included in classes (I) to (III) are two-loop UV completions
of the Weinberg operator employing small SU(2) representations [79]. Yet, these have
certain similarities to the models of class (II) that represent one-loop UV completions of
the Weinberg operator.10 This allows us to comment also on the two-loop UV completions
of the Weinberg operator. In such models generally seven new particles are needed which
10A noticeable dierence between these two types of UV completions is the fact that the authors of
ref. [79] do not require the existence of a DM candidate among the new particles, responsible for neutrino
masses. However, this only amplies the possibilities of transformation properties of the new particles under
the SM gauge group.
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are (at least) three more than in the case of the models of class (II).11 Thus, we expect
larger eects on the RG running of the gauge couplings and an increased probability to
encounter an LP as well as a tendency of having an even lower scale of gauge coupling
unication. In ref. [79] all new particles are taken to be color neutral. However, it might
be possible that some of them transform non-trivially under SU(3). This can be benecial
for raising the scale of gauge coupling unication, since then also the RG running of 3 is
aected, see our ndings for models of class (I).
All models belonging to classes (I) to (III) generate neutrino masses at one- and/or
two-loop level. However, also several three-loop models have been discussed in the litera-
ture [22, 80{85]. Their realization usually entails that several of the new particles can be
colored. In the case where some of the new particles are colored, we expect a result for
gauge coupling unication similar to those obtained in the models of class (I). In the case
of only color neutral new states, which belong to SU(2) representations of larger dimen-
sion,12 the probability of encountering an LP in 2 and/or 1 increases, usually preventing
successful gauge coupling unication at a suciently high energy scale.
In summary, the study of models belonging to classes (I) to (III) allows us | to a
certain extent | to evaluate the prospects for gauge coupling unication in other types
of models.
4 Discussion
We have shown that it is possible to achieve gauge coupling unication in several models
that generate neutrino masses at one- and/or two-loop level, with and without DM. In this
section, we discuss approximations and simplications made in the analytical and numerical
studies. Furthermore, we comment on the RG running of the quartic scalar couplings, since
it is known that such couplings can become non-perturbative below a presumable gauge
coupling unication scale. Eventually, we address the question how these models can be
embedded in an SU(5) GUT, since unication of gauge couplings is commonly taken as
indication for the existence of a larger gauge group than the one of the SM.
4.1 Sources of corrections to results
Several corrections exist to the results shown in section 3. In this section, we estimate, in
particular, the size of the correction due to the uncertainty in the values i of the gauge
couplings at low energies, the eect of varying the mass scale NP of the new particles, the
size of the two-loop contributions to the RG running of the gauge couplings as well as the
eect of the Yukawa couplings on the RG running of the gauge couplings.
4.1.1 Uncertainty in values of gauge couplings at low energies
There is an uncertainty in the measurements of the values of i(MZ) at the Z mass scale.
It can be seen from eq. (2.6) in section 2.1 that the relative uncertainties in 1(MZ) and
11The number of new particles might be reduced, if identications among them are possible, compare to
models belonging to class (II).
12See refs. [86, 87] for one-loop models with particles in such representations.
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2(MZ) are very small compared to the one in 3(MZ) and they can therefore be neglected.
The uncertainty in 3(MZ) amounts to about 0:5 % at MZ . In the case of model S2-11,
the uncertainty in 3(MZ) translates into a relative shift of 0:2 % in log10() with respect
to the value mentioned in table 3 in section 3.1, whereas we observe virtually no shift in
the value of  1(). We note that here and in the following this is the eect on the actual
value of the unication scale  and of the gauge coupling  1(), respectively. In general,
there is also an eect on the possibility of achieving gauge coupling unication, i.e. an
eect on  log10() and 
 1(). However, the size of the latter is model dependent.
The dominant eect of the uncertainty in 3(MZ) is transmitted by the SM particles
transforming under SU(3). It can be slightly enhanced in models with one or more new
particles charged under SU(3), since such representations directly aect the RG running
of 3. In principle, only the eect due to the SM particles is visible in gure 2 (upper-
and lower-left panels) in which we plot the results for model S2-11 and model T1-1-D with
m =  1 (see table 5 in section 3.3).
Assuming the full SM particle content at MZ , especially the presence of the Higgs
boson and the top quark, instead of taking them properly into account at their respective
masses leads to a relative error on the gauge couplings, which is the largest for 3 and of
the size 1:4 % at NP. The error on 1 and 2 is of the order 0:1 % and can therefore be
neglected. In gure 2 (upper- and lower-left panels), we show the eect of the combination
of this eect together with the eect of the uncertainty in 3(MZ) on the RG running of
the gauge couplings in models S2-11 and T1-1-D with m =  1.
4.1.2 New particle masses
Throughout the study we have made the simplifying assumption that the masses of all
new particles are equal, NP = 1 TeV. In this section, we estimate the eect of varying
the masses between 100 GeV and 5 TeV. The mass range is chosen such that the masses
allow for the possibility of detecting these particles, or at least some of them, at collider
experiments. In gure 2 (upper- and lower-middle panels), we display this eect on the RG
running in the two models S2-11 and T1-1-D with m =  1. The boundaries of the bands
in these plots are obtained for the two limiting cases, i.e. if the masses of all new particles
equal either the minimum value (NP = 100 GeV) or the maximum one (NP = 5 TeV).
Clearly, the width of the bands depends on the dimensionality of the representations of
the new particles and is larger for larger representations. In particular, we can see that
the eect is the largest on 2, followed by 1, while 3 is hardly aected, in the two
models.13 We can compute and compare the values of  1() and log10() for the two
limiting cases in which either all new particles have masses NP = 100 GeV or all of them
masses NP = 5 TeV. We nd that the relative dierence is about 2 % for 
 1() and
0:4 % for log10() in the case of model S2-11. Note that the values of 
 1() and log10()
for NP = 1 TeV, presented in table 3, lie in between those obtained in the two limiting
cases. For values, obtained in model T1-1-D with m =  1, similar statements hold.
13Indeed, in model T1-1-D with m =  1, there is virtually no eect on 3, if NP is varied, simply
because none of the new particles is charged under SU(3).
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Figure 2. The eect on the RG running of the gauge couplings  1i () due to (a) the uncertainty
in 3(MZ) and the threshold eects in the SM due to Higgs boson and top quark for models S2-11
(upper-left panel) and T1-1-D, m =  1 (lower-left panel), (b) masses of the new particles ranging
from 100 GeV to 5 TeV in models S2-11 (upper-middle panel) and T1-1-D, m =  1 (lower-middle
panel) and (c) two-loop contributions in models S2-11 (upper-right panel) and T1-1-D, m =  1
(lower-right panel). The gauge couplings 1, 2 and 3 for U(1), SU(2) and SU(3) are shown in
blue, green and red, respectively. Dashed lines display the RG running of i at one-loop order,
while solid lines the RG running at two-loop order.
Finally, we have also studied the possibility of raising the scale of gauge coupling
unication by assuming larger masses for the new particles. However, taking their masses
to be NP = 100 TeV instead of NP = 1 TeV still has only a small eect on the unication
scale . For example, in the case of model S2-11, the relative dierence is about 3 % for
 1() and 0:5 % for log10() with respect to the values obtained for NP = 1 TeV. Thus,
increasing NP does not suciently help in raising the value of the unication scale.
4.1.3 Two-loop contributions
Since we have performed the analytical study at one-loop order, while we have studied
the RG running of the gauge couplings numerically at two-loop order, we also display
examples of the eect of the two-loop contributions on the RG running. In gure 2 (upper-
and lower-right panels), a comparison of the RG running at one- and two-loop order in
models S2-11 and T1-1-D with m =  1 is made. Also the size of this eect depends in
general on the number of new particles as well as their transformation properties under
the SM gauge group. As an example, we discuss model S2-11. Comparing the values of
 1() and log10() extracted from the RG running of the gauge couplings at one- and
two-loop order, respectively, we nd that the relative dierence in these values due to the
dierent loop orders is about 1 % for  1() and 0:6 % for log10().
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4.1.4 Yukawa couplings
Yukawa couplings enter the RGEs of the gauge couplings at two-loop order, see eq. (2.2).
Following section 2.3.1, we neglect all Yukawa couplings apart from the top quark Yukawa
coupling, which we x to yt = 1 when evolving the gauge couplings between MZ and
MPlanck. In order to estimate the size of the eect resulting from Yukawa couplings of SM
particles, we compare the value of  for the cases with and without the (constant) top
quark Yukawa coupling present in the -functions of the gauge couplings. We nd that
the relative dierence between the obtained values for log10() is of the order of 0:1 % in
model S2-11, whereas the dierence for  1() is completely negligible. The eects of the
Yukawa couplings of the other SM particles as well as of the Yukawa couplings due to the
new particles are neglected.
4.2 RG running of quartic scalar couplings
Perturbativity of the gauge couplings does not guarantee perturbativity of all couplings in
a model. In particular, the quartic scalar couplings need attention. In ref. [88], the RG
running of especially the quartic self-couplings of scalar particles, which transform under
U(1) and SU(2) but not SU(3), is discussed. In their analysis, the authors assume that the
new scalars are added one at a time to the SM. In order to give a conservative estimate
of the scale of a possible LP, the initial conditions are that the quartic self-couplings of
the new scalars all vanish at a low energy scale MX . Furthermore, they put emphasis
on the contribution from gauge boson loops to the RG running of the couplings that is
proportional to 22. The RG running of these couplings leads to an LP below MPlanck in
several cases, if d, the dimension of the SU(2) representation of the new scalars, is equal
or larger than 4, d  4, and the scale of the LP of the quartic scalar couplings (as well as
of the gauge couplings 1 and 2) is lowered, as d and the value of the hypercharge of the
multiplet increase.
Thus, based on the results of ref. [88] we can draw the following conclusions for the
present analysis: rst, if the new scalar is either in the representation (1; 2; 12)S or (1; 3; 0)S ,
the quartic scalar couplings remain perturbative up to MPlanck and thus do not require
further analysis; secondly, if scalars are added in the representations (1; 4; 12)S , (1; 5; 0)S
and (1; 7; 0)S , e.g. as possible DM candidates, see table 1, the possible gauge coupling
unication scale should be compared with the scale of the LP of the quartic scalar couplings,
computed in ref. [88]. Hence, for most of the models Si-j with DM, see section 3.2, the LP
occurs well above the unication scale, using the conservative initial conditions of vanishing
couplings at MX = NP = 1 TeV. The exception is model S2-3 in combination with a real
scalar quintuplet DM, (1; 5; 0)S , where the scale of the LP is comparable to the gauge
coupling unication scale, which is approximately 1013 GeV.
The problem of encountering an LP of the quartic scalar couplings can be mitigated
by fermionic contributions to the -function. This has been pointed out in ref. [89] and
exemplied in the case of scalar minimal DM transforming as (1; 7; 0)S under the SM
gauge group.
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4.3 Embedding in an SU(5) grand unied theory
In case unication of gauge couplings is taken as indication for a gauge group larger than
the one of the SM, e.g. the grand unied group SU(5), to be present at high energies,
the new particles responsible for radiatively generated neutrino masses and the DM can-
didates have to be embedded in representations of the GUT. Focusing for concreteness on
SU(5), we observe that several of the new particles, e.g. (3; 2; 16)S and (3; 1;
2
3)F , can be
straightforwardly embedded in small representations such as 5, 10 (or their conjugate rep-
resentations) or 24, since their quantum numbers coincide with the ones of an SM particle.
The only representations, which correspond to some new particle contained in one of the
models that can lead to gauge coupling unication according to our analysis and which
need further consideration, are (1; 3; 1), (3; 2; 56), (1; 2; 32), (3; 2; 76), (1; 4; 12) and (1; 5; 0).
Using table 30 in ref. [90], we nd that the representation (1; 3; 1) can be embedded in 15
of SU(5), (3; 2; 56) in 24, (1; 2; 32) in 40, (3; 2; 76) in 45 and (1; 4; 12) in 70. In addition, we
have explicitly checked that the representation (1; 5; 0) can be embedded in 200 of SU(5)
by making use of the generating function given in ref. [91].
5 Summary
We have investigated the RG running of the SM gauge couplings and their possible uni-
cation for three classes of neutrino mass models where neutrino masses are generated
radiatively at one- and/or two-loop level. Class (I) consists of minimal UV completions of
the dimension-7 L = 2 operators. These models, denoted Si-j, contain two types of new
particles, in addition to those of the SM. In our study, these new particles either appear
in several generations or in one generation together with (several copies of) one type of
DM. Class (II) consists of the models Ti-j-X, which are one-loop UV completions of the
Weinberg operator containing, in general, three or four new particles. Assuming that these
new particles are odd under an additional Z2 symmetry (the SM particles are even), one of
them constitutes a DM candidate. Class (III) contains three models Ui with at least one
of the new particles in the adjoint representation of SU(3).
The results of our study can be used as a guideline for building models of grand
unication in which neutrino masses are generated radiatively. The main points are: (i)
Gauge coupling unication in one step can be achieved in models belonging to classes (I)
and (II). However, the scale of gauge coupling unication is generally lower in models
of class (II) compared to those of class (I). This shows that obtaining a unication scale
high enough in order to satisfy limits derived from the absence of proton decay requires the
presence of new colored states with appropriately chosen values of the hypercharge in order
not to aect too much the RG running of 1. (ii) Adding a DM candidate, which belongs
to an SU(2) multiplet, to a model in order to achieve gauge coupling unication impacts
on the RG running of 2 (and possibly 1), while 3 is necessarily unaected. Hence, the
scale of gauge coupling unication tends to be in general lower than in the corresponding
model without DM candidate.
The details of the results of the analytical and numerical studies, performed at one- and
two-loop order, respectively, can be summarized as follows: a few of the models belonging
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Model P1 P2 P3  (GeV)  1()  log10()log10()
 1
 1
(%) (%)
S1-2 4 (3; 2; 16)S 4 (3; 1; 13)S { 1:8  1016 35.1 1.6 0.80
S2-11 (1; 2; 12)F (3; 2; 16)S { 1:2  1014 38.4 1.2 0.61
S2-9 (3; 1; 13)F (1; 1; 1)S (1; 3; 0)F (DM) 2:6  1014 37.9 0.54 0.28
T3-A, m =  2 (1; 1; 1)S (1; 3; 0)S (1; 2; 12)F 4:0  1013 38.7 0.21 0.11
Table 7. Collection of models that allow for gauge coupling unication. The name of the models,
content of new particles Pi, scale of unication  and value  1() of the gauge coupling at this
scale are mentioned. Note that the rst model in this table requires four generations of each new
particle in order to lead to gauge coupling unication. In the last two columns, the relative errors
on the logarithm of  and  1() are given according to the denitions in eq. (2.8) in section 2.2.
to class (I) allow for unication of the gauge couplings, if the new particles can appear in
several generations. Since these new particles usually transform non-trivially under SU(3),
the unication scale lies between 1014 and 1016 GeV. Two examples of this type of models
are given in table 7: the rst one has the highest value of the unication scale  which
is achieved with four generations of each new particle. In the second one, only two new
particles are added to the SM, which, however, results in a rather low value of . If instead
only one generation of each new particle is assumed and (several copies of) one type of DM
is (are) present, we nd more than ten possible models in which the gauge couplings unify at
some high energy scale. The preferred range of this scale is 5 1010 GeV .  . 5 1014 GeV.
Again, one example is listed in table 7. In about a quarter of the models of class (II), we
nd unication of the gauge couplings and in this case the unication scale tends to be
rather low, of the order of 1013 GeV, see the example in table 7. In addition, depending on
the choice of the parameter m, which parameterizes the hypercharge of the new particles,
the number of types of new particles can be reduced (two particles can be identied,
while two copies of the new particle coupling to the lepton doublets must exist) and two
additional models with gauge coupling unication are found. This time the unication
scale is slightly larger. Finally, none of the models in class (III) (taking into account the
possibility of having more than one generation of the new particles as well as adding one
type of DM to the model) allows for unication of the gauge couplings. Based on these
results, we have also commented on the prospects for gauge coupling unication in models
of radiative neutrino mass generation that are not comprised in classes (I) to (III).
In section 4, we estimate and exemplify the eect of the simplications and approx-
imations we have made in our analysis. In particular, we have studied the eect of the
uncertainty in i at low energies, how the masses of the new particles aect our results,
the importance of two-loop contributions to the RG running of the gauge couplings as well
as the impact of neglecting Yukawa couplings apart from the one of the top quark that is
assumed to be constant (yt = 1). The largest eects on the values of the unication scale
 and of the gauge coupling  1() are up to 3 % and originate from the variation of the
masses of the new particles as well as from the two-loop contributions which, however, are
always taken into account in the numerical analysis.
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In the present study, we ensure that in all models, which allow for gauge coupling
unication, a possible LP in one of the gauge couplings occurs at a scale at least three orders
of magnitude larger than the unication scale, see eq. (2.9) in section 2.2. Furthermore,
LPs can be encountered in other couplings of the model, especially in the quartic scalar
couplings. In models with DM candidates in SU(2) representations with dimension larger
than three, this might be an issue. Following the literature, we have estimated in which
models this can pose a problem and found that this only happens in model S2-3 with the
DM candidate (1; 5; 0)S .
Although the scale of unication is in most models lower than the one expected for a
GUT, we have briey discussed the possibility to embed the new particles in representa-
tions of SU(5). This is, indeed, possible for all particles with the largest necessary SU(5)
representation being 200.
An interesting possibility to explore is an intermediate scale where either new particles
are introduced and/or the gauge symmetry is enhanced in order to raise the scale of gauge
coupling unication.
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A One-loop and two-loop order coecients bk and bk`
In this appendix, we present the one- and two-loop order coecients bik and b
i
k`, as dened
in eq. (2.3), to the -functions of the gauge couplings for scalars and fermions, contained in
the models in section 3. The coecients bik for a complex scalar (CS) in the representation
(r3; r2; y) of the SM gauge group are given by
bCS1 =
1
3
d(r2) d(r3)

3
5
y2

; (A.1)
bCS2 =
1
3
d(r3)T (r2) ; (A.2)
bCS3 =
1
3
d(r2)T (r3) (A.3)
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with d(r) and T (r) being the dimension and the Dynkin index of the representation r,
respectively. The one-loop order coecients bik for a real scalar, a Weyl fermion and a
Dirac fermion can be obtained from the ones for a complex scalar by multiplying the
coecients bCSk with  =
1
2 , 2 and 4, respectively, i.e.
bik =  b
CS
k =
8>>>>><>>>>>:
bCSk complex scalar
1
2 b
CS
k real scalar
2 bCSk Weyl fermion
4 bCSk Dirac fermion
: (A.4)
Furthermore, note that the Dynkin index T (r) of the representation r is related to the
eigenvalue C2(r) of the quadratic Casimir operator on r
T (r) d(Adj) = C2(r) d(r) ; (A.5)
where Adj denotes the adjoint representation. The dimension, the eigenvalue of the
quadratic Casimir operator and the Dynkin index for representations y of the hypercharge
group are
d(y) = 1 ; T (y) = C2(y) and C2(y) =
3
5
y2 : (A.6)
In particular, C2(Adj) = 0 for the gauge group U(1). The quantities d(r), C2(r) and T (r)
of an SU(2) representation r as functions of the Dynkin label  (or the dimension d(r)) are
given by
d(r) = 1 +  ; (A.7)
C2(r) =
1
4
(+ 2) =
1
4
 
d(r)2   1 ; (A.8)
T (r) =
1
12
 (+ 1) (+ 2) =
1
12
 
d(r)3   d(r) : (A.9)
Similarly, the dimension, the eigenvalue of the quadratic Casimir operator and the Dynkin
index for an SU(3) representation r with Dynkin labels (1; 2) are
d(r) =
1
2
(1 + 1) (1 + 2) (2 + 1 + 2) ; (A.10)
C2(r) =
1
3
 
21 + 
2
2 + 12

+ 1 + 2 ; (A.11)
T (r) =
1
48
(1 + 1) (1 + 2) (2 + 1 + 2)
 
21 + 
2
2 + 12 + 31 + 32

: (A.12)
The two-loop order coecients bik` for a real scalar (Weyl fermion) are given by
bik` = c
i
k` +  k`c
i
k ; (A.13)
where  = 1 ( = 10) for scalars (fermions) and the coecients cik` and c
i
k read
cik` = 6 b
i
k C2(r`) ; (A.14)
cik = b
i
k C2(Adjk) (A.15)
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with bik being the one-loop order coecients. Note that c
i
1 = 0, since the eigenvalue of
the quadratic Casimir operator on the adjoint representation vanishes in the case of the
gauge group U(1). The corresponding coecients for a complex scalar (Dirac fermion)
are obtained by multiplying the ones for a real scalar (Weyl fermion) by a factor of 2. In
table 8, we give the one-loop and two-loop order coecients bik and b
i
k` for a complex scalar
and for various representations (r3; r2; y) of the SM gauge group.
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Representation One-loop Two-loop
(r3; r2; y) b
i
k c
i
k` c
i
k
(1; 1; y) ( 1
5
y2; 0; 0)
0B@ 3625y4 0 00 0 0
0 0 0
1CA (0; 0; 0)
(1; 2; y) ( 2
5
y2; 1
6
; 0)
0B@
72
25
y4 18
5
y2 0
6
5
y2 3
2
0
0 0 0
1CA (0; 23 ; 0)
(1; 3; y) ( 3
5
y2; 2
3
; 0)
0B@
108
25
y4 72
5
y2 0
24
5
y2 16 0
0 0 0
1CA (0; 83 ; 0)
(1; 4; y) ( 4
5
y2; 5
3
; 0)
0B@ 14425 y4 36y2 012y2 75 0
0 0 0
1CA (0; 203 ; 0)
(1; 5; y) (y2; 10
3
; 0)
0B@ 365 y4 72y2 024y2 240 0
0 0 0
1CA (0; 403 ; 0)
(1; 6; y) ( 6
5
y2; 35
6
; 0)
0B@ 21625 y4 126y2 042y2 12252 0
0 0 0
1CA (0; 703 ; 0)
(1; 7; y) ( 7
5
y2; 28
3
; 0)
0B@
252
25
y4 1008
5
y2 0
336
5
y2 1344 0
0 0 0
1CA (0; 1123 ; 0)
(3; 1; y) ( 3
5
y2; 0; 1
6
)
0B@ 10825 y4 0 485 y20 0 0
6
5
y2 0 8
3
1CA (0; 0; 1)
(3; 2; y) ( 6
5
y2; 1
2
; 1
3
)
0B@
216
25
y4 54
5
y2 96
5
y2
18
5
y2 9
2
8
12
5
y2 3 16
3
1CA (0; 2; 2)
(3; 3; y) ( 9
5
y2; 2; 1
2
)
0B@
324
25
y4 216
5
y2 144
5
y2
72
5
y2 48 32
18
5
y2 12 8
1CA (0; 8; 3)
(8; 1; y) ( 8
5
y2; 0; 1)
0B@ 28825 y4 0 2885 y20 0 0
36
5
y2 0 36
1CA (0; 0; 6)
(8; 2; y) ( 16
5
y2; 4
3
; 2)
0B@
576
25
y4 144
5
y2 576
5
y2
48
5
y2 12 48
72
5
y2 18 72
1CA (0; 163 ; 12)
(8; 3; y) ( 24
5
y2; 16
3
; 3)
0B@
864
25
y4 576
5
y2 864
5
y2
192
5
y2 128 192
108
5
y2 72 108
1CA (0; 643 ; 18)
Table 8. One-loop and two-loop order coecients for dierent particles (r3; r2; y). The values
are given for a complex scalar. The coecients for real scalars (where applicable) and fermions
can be derived by using the formulas in eqs. (A.4) and (A.13). Note the representations (r3; r2; y)
are ordered as (SU(3); SU(2);U(1)), whereas the coecients bik, c
i
k` and c
i
k are ordered in the
opposite way, i.e. (U(1); SU(2); SU(3)).
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